Abstract-This paper presents an evaluation of the spectral characteristics of switching converters with a chaotic carrier-frequency modulation scheme (CCFMS). By incorporating a Chua's circuit (CC) into the pulsewidth modulator for driving the switches, three modulation schemes, including the standard pulsewidth modulation scheme, periodic carrier-frequency modulation scheme, and CCFMS, can be realized with the CC in equilibrium, limit cycle, and chaos, respectively. The property of frequency spreading in CCFMS is studied by using statistical analysis method. The developed model is applied to formulate the power spectral densities of the input current and the output voltage of the three basic dc/dc converters under CCFMS. Theoretical predictions are verified with experimental measurements.
I. INTRODUCTION

W
ITH THE introduction of the international electromagnetic compatibility directives, there is an increasing awareness of the electromagnetic interference (EMI) problems of switching converters. In recent years, different frequency-modulated switching schemes (FMSS) have been applied to the pulsewidth-modulated (PWM) converters. By dithering the switching frequency around the nominal value, the discrete harmonic power that usually exists in classical PWM scheme can be spread over a wider frequency range, so that no harmonics of significant magnitude exist. This results in spreading the conducted EMI.
FMSS can basically be classified into two major types, namely, the periodic carrier-frequency modulation scheme (PCFMS) and the random carrier-frequency modulation scheme (RCFMS). The PCFMS can be realized by modulating a fixed-frequency sinusoidal signal into the ramp generator in the pulsewidth modulator. The switching period is then varied periodically. The resultant input power spectra contain discrete harmonics at the multiples of the modulating frequency and the sidebands-due to the cross modulation. In the RCFMS, a random modulating signal is used. The switching period is randomly dithered, resulting in a continuous input power spectrum. However, randomized switching introduces low-frequency noise at the output, which is undesirable for converters requiring tight regulation.
It has been shown in [1] - [3] that RCFMS can effectively reduce acoustic noise in ac motor drive systems. For the switching power converters, EMI reduction can also be achieved with both PCFMS [4] and RCFMS [5] - [8] . PCFMS requires a sinusoidal modulating signal whilst RCFMS requires either a digital or analog noise generator. A digital-circuit-based pseudorandom signal generator, a microprocessor-based pseudorandom algorithm [9] or a reverse-biased transistor for generating thermal noise in wideband nature [8] can be used to provide the random variable in RCFMS.
This paper presents the use of the Chua's circuit (CC) to replace the frequency-modulation source [10] , [11] . One of the capacitor voltages in the CC is chosen to modulate the switching frequency. By adjusting the component value in the CC, standard pulsewidth modulation scheme (SPWMS), pulse-code modulation scheme (PCMS), and chaotic carrier-frequency modulation scheme (CCFMS) can be realized with the CC in equilibrium, limit cycle, and chaos, respectively. The CCFMS is found to exhibit similar behaviors as the RCFMS in the high-frequency range, but CCFMS introduces lower level of low-frequency harmonics at the output than that of the RCFMS.
Section II revisits the operation of the CC. Section III shows the spectral characteristics of the generated chaotic signal and describes how the CC is used in the frequency modulation. Based on the statistical analysis technique for the RCFMS, Section IV derives a model to study the frequency-spreading property of the CCFMS. The developed model is applied to formulate and evaluate the power spectral densities (PSD) of the input current and the output voltage of three basic dc/dc converters with CCFMS in Section V. Theoretical predictions are verified with experimental measurements in Section VI. fects the circuit behavior. Characteristics of the nonlinear resistor current are shown in Fig. 2 where is the function showing the relationships between and , and . The CC can be operated in three regions, namely, region " " for , region " " for , and region " " for . In each region, (1) can be described by three sets of state equations. The following dc load line for can be formulated:
As shown in Fig. 2 , the intersection points between the load line in (2) and the characteristics of determine the equilibrium points in each region. The equilibrium points are denoted by , , and , respectively. It has been shown in [12] and [13] that
The eigenvalues in each operating region are determined by solving (1). The following characteristic equations can be ob- 
The eigenvalues vary with . Decreasing the value of causes the CC to change from equilibrium to chaos. The practical circuit of is shown in Fig. 3 [14] , having dual operational amplifiers and six resistors (i.e., ). , , and are defined as follows: (4) where is the saturation level of the operational amplifiers. Typically, the saturation level is about 8.3 V for the integrated circuit AD712 or TL082 with supply voltage at 9 V.
The component values of the CC are mH, nF, nF, mS, V, and mS. can be adjusted from 1.47 to 1.6 mS (i.e., is varied from 680 to 620 ). TL082 is used to model . By solving (4), can be modeled by using k , k , k , k , , and . With different values of , the measured waveforms of the capacitor voltages and are shown in Fig. 4 . The equilibrium points and eigenvalues at each operating region are tabulated in Table I . When [ Fig. 4 (a)], and stay at the equilibrium points or , depending on the initial conditions. Both regions " " and "
" contain negative 4(b) ], the real part of the complex conjugates of the eigenvalues becomes positive. Period-1 limit cycle (also called Hopf bifurcation) occurs. Also, depending on the initial conditions, the states can oscillate around the equilibrium points at or , and exhibit a sinusoidal-like waveform at fixed frequency of 3.5 kHz, which can be calculated from the imaginary part of the complex conjugates of the eigenvalues in region " " or "
." When is 638 and 637.5 [ Fig. 4 5 shows the three basic dc/dc converters, namely, the buck, boost, and buck-boost converters. The common method of controlling the output voltage is to adjust the duty cycle and/or the switching frequency (or the switching period) of the main switch . Practically, a PWM modulator [15] , which consists of a sawtooth generator of constant frequency together with a comparator, can be used to determine the switching action of .
Incorporation of chaotic behavior into the PWM scheme is depicted in Fig. 6 . in Fig. 1 can be used to dither the switching frequency of a converter. It is sampled and is superimposed on a dc value, which determines the nominal switching frequency of the converter. The composite signal is connected to a voltage-controlled sawtooth generator. Thus, the switching period of the generated sawtooth waveform varies in accordance with the magnitude of the composite signal. The output of the error amplifier is compared to the generated sawtooth signal, and thus generating a PWM signal for the main switch in the converter. It is important to note that the duty cycle remains unchanged even if the switching frequency is varying. Based on the fundamental considerations of sampled-data systems, a sampling rate of ten or more times the closed-loop bandwidth of the system is chosen for recovering the control signal. In analogy, the switching frequency of the power stage is selected to be higher than the oscillation frequency of the CC output in this application. In performing the experiment, the switching frequency was chosen to be 45 kHz while the oscillation frequency of the CC was 3.6 kHz. The ratio is 12.5. Fig. 7 (a) and (b) shows the experimental amplitude distributions of the sampled (i.e., ) in Fig. 6 when the CC is in period-1 limit cycle and chaos, respectively. The figures are extracted from a Tektronix TDS 784C oscilloscope. The shaded area on the left-hand side, which is displayed together with the time waveform, is the histogram of the vertical values of . The horizontal span at a vertical position represents the number of occurrence of that particular value of . The value of is concentrated on the positive and negative peak values [16] in the period-1 limit cycle and it has a nearly triangular distribution in chaotic operation. Fig. 8(a) and (b) shows the power spectral densities (PSDs) of the waveforms in Fig. 7 . The PSD contains discrete harmonics in period-1 limit cycle [ Fig. 8(a) ] and becomes continuous spectra in chaotic operation [ Fig. 8(b) ]. In other words, the PWM signal generated by the circuit shown in Fig. 6 , can exhibit different spectral distributions under different operating modes. In particular, if the signal is chaotic, the harmonic power can be spread over the spectrum and the peak level of the PSD becomes less than that of the classical PWM scheme. Discrete harmonics can, therefore, be significantly reduced. The harmonic power is spread continuously over the spectrum. The nonrepetitive nature of the signal in Fig. 7(b) and the continuous spectrum in Fig. 8(b) can be approximated by using the RCFMS with fixed duty cycle switching scheme.
IV. MATHEMATICAL ANALYSIS UNDER CCFMS
Based on the analysis for RCFMS, a mathematical function shown in Fig. 9 is used to model the probability density function of the period of the th switching cycle in Fig. 7(b) . varies between a minimum possible value and maximum possible value . Fig. 10 shows the waveform of a PWM pulse train . has two discrete levels, namely, and .
For studying the effectiveness of the stochastic variable (i.e., the switching period ), an amplitude variation level is defined as (5) Thus, the triangular probability density function in Fig. 9 is defined for a given , since the area under the triangle is unity.
The PSD of the PWM pulse train in Fig. 10 can be shown to be equal to (6) where is the complex conjugate of . is probability density function of in Fig. 9 . Detailed proof of (6) is shown in the Appendix. All expected terms in (6) can be expressed as follows: (7) (8) where and . Thus,
(10)
For the input current of the buck converter, equals Output Power and equals zero ( is the nominal duty cycle). Equations (9)- (12) can be rewritten as follows: (13) and (14) (15) (16) As depicted in Fig. 11(a) , a dc/dc converter can be considered as a low-pass filter fed by different types of input sources, which are dependent on the circuit configuration. With the aid of Table II, the transformed circuits are shown in Fig. 11 .
Denote as the transfer function of the filter. The PSD of the noise output of the converter can be shown to be [17] (17)
Noise power is calculated by integrating over the spectrum. Hence, the root-mean-square value of the noise ripple in the converter output is Due to the rapid roll-off characteristics in at high-frequency range, can be approximated by (19) Only the continuous component and the dc component exist over the spectrum. Thus, (20) where is the number of frequency points over the range of .
V. EVALUATION OF THE PSD WITH CCFMS
The three basic converters in Fig. 5 are studied. The component values are H, , F, , and . is 22 V. The nominal switching frequency is 45 kHz and duty cycle is 0.55. The PSDs of the input currents of the three converters are obtained by using PSIM 4.0 [18] . The simulated data are processed by Matlab [19] , in order to calculate the corresponding PSDs. The results are shown in Fig. 12 . Instead of containing discrete harmonics, the PSD's of the three converters' input currents are all in continuous spectra. Fig. 13 shows the theoretical prediction of the input current PSD of the buck converter using (6) with . Figs. 12(a) and 13 are in close agreement at the highfrequency range. However, discrepancies occur in the low-frequency range, which will be explained in the following. Fig. 14 shows the variations of the PSD of the diode voltage of the buck converter with respect to the changes in . is changed from 0 to 0.4. When is zero, the PSD is the same as the PSD of the SPWMS. As increases, the harmonic spectrum is gradually spread over. No significant improvements in spreading high-frequency harmonics are observed when is larger than 0.35. Fig. 15 shows the simulated low-frequency characteristic of when is 0.35. The prediction will be verified with the experimental one in Section VI.
VI. EXPERIMENTAL VERIFICATIONS
A buck converter was tested and the PSDs were recorded by the HP 8941 spectrum analyzer with resolution bandwidth of 300 Hz. A current probe with sensitivity of 20 mV/A is used to measure the converter input current. Thus, the measured PSD 
Fig . 16 shows the measured PSD when the CC is in equilibrium, period-1 limit cycle, and chaos. Under chaotic operation, the PSD is in close agreement with the predictions in Figs. 12(a) and 13 . Discrete harmonics are observed at equilibrium [ Fig. 16(a) ] and period-1 limit cycle [ Fig. 16(b) ]. When the switching frequency becomes chaotic [ Fig. 16(c) ], the power of the switching harmonics is well spread over. Fig. 17 shows the low-frequency PSD of under the CCFMS and the RCFMS. The modulating signal in the RCFMS is shown in Fig. 18 . A 10:1 probe is used to pick up the signal in the measurement. Thus, a 20 dB difference is introduced between the measurement PSD and the prediction. Comparing the PSDs with Fig. 15 , the low-frequency spectral characteristic of the CCFMS is different from the prediction using RCFMS. The low-frequency spectral magnitude in the RCFMS is higher than that in the CCFMS. By comparing Fig. 7(b) with Fig. 18 , the CC output signal oscillates alternatively and symmetrically around the origin (even if the ampli- tude varies). The probability of generating biased and/or lowfrequency harmonic components with CCFMS is lower than that of the RCFMS. Hence, even if the CCFMS and RCFMS are stochastic in nature and exhibit the same probability density function, their spectral behaviors are slightly different because the time-domain variation cannot be obtained from the probability density function. Nevertheless, CCFMS has the advantages that it does not introduce significant low-frequency harmonics and that it improves high-frequency characteristics in the SPWMS.
VII. CONCLUSIONS
A CCFMS has been analyzed and evaluated. The CC has been incorporated into the switching control of the power converters. The input current and output voltage power spectral densities under different operating regions have been studied theoretically and experimentally. By controlling the dynamics of the CC, it has been shown that CCFMS hybridizes the features of PCFMS and RCFMS. Experimental results have confirmed that CCFMS is an alternative way for reducing the amplitudes of switching harmonics. Most importantly, the CCFMS introduces less low-frequency harmonics at the output than the RCFMS. Apart from studying the effect of chaotic frequency modulation on switching converters, this paper also provides the methodology of analysis. Readers can use other kinds of chaotic generators with similar analysis method. Further research will be dedicated to studying the sensitivities of the PSD to the circuit parameters.
APPENDIX
A. Proof of (6)
Considering the generic switching cycle in Fig. 10 
